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The new theoretical approach is proposed for studying the coupled states responsible
for superconductivity in crystal without using the idea of electron pairing. From our
approach it follows that BCS electron-pairing postulates are only approximate. It is
shown that superconductivity (SC) coupled states can be created by pairs of electrons
with nonzero full momentum and spin (k1 + k2 # 0, s + s’ # 0). The model numer-
ical calculations have shown that dependence of SC gap (energy of coupled states) on
temperature is nonexponential and depends on the momenta of electrons in pair.

1. Introduction

The theoretical study of superconductivity (SC) is based as a rule on the physical
idea!™ about pairing of electrons with the opposite spins (s+ s’ = 0) and momenta
(k + k' = 0). Using this postulate the possibility of the appearance of the coupled
states in the electron (electron-phonon) system was investigated. Those coupled
states are responsible for superconductivity in the mentioned system.

It should be noted that coupled states can arise in the system of other type too.
For example similar states occur in the phonons system of crystals [see Refs. 5, 6 and
references therein] if anharmonic constant of forth order, responsible for phonon—
phonon interaction is negative (V <« Q). For this case pairs of coupled phonons
may appear with full momentum K = k + k' equal to the momentum of incident
on crystal photon. This type of excitation was observed in many spectroscopical
experiments.5°

Absolutely similar situation must be realized for the electron system, if the
interaction between identically charged particles due to some special mechanism
became negative, i.e. electrons will attract each other.

In this communication a new approach to the SC problem is proposed. Namely
we want to obtain the conditions when the coupled states in the electron system can
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appear, taking into account only interactions between quasiparticles of electron—
phonon (e-ph) system. Our calculations have shown that hypothesis of electron
pairing postulated in BCS theory is only approximate. That is the case of both
momenta (k + k' # 0) and so spins (s + s’ # 0). Our method of calculation is
independent of whether the traditional SC or High T. superconductivity (HTSC)
crystals are investigated.

2. Short Theory
2.1. Density of current

In this paper we present the general idea of our approach. The operator which
describes the density of current in the system of electrons can be written as follows

, 6H' . e?
j'(z) = Al i(z) - EA(Jf)‘Iﬁ(x)‘I’(ﬂ?),
(1)
) €
j(2) = —iz = { T @) (V) - (VO (2)¥(2)}
where operators ¥(x) are given by the following expression
V)= 3 af 0l (), )
k,ov
and satisfy to Fermi anti-commutation relations
[¥(z,t), 87 (", 1)], =6z —), [af,,af%], =Bkr Boror buur o

ko () = i (x)xs(S),

where ¢} (x) is the Bloch function of crystal and x.(S) describes the spin of electron
in energy zone.
o) = en(z) = e¥* (2)¥(2). (4)

Then the density of current according to (1) is equal”

(4'@)) = (@ — ——{p(@))oA(=.)

+ / T ar << (j(a:) = (p@)oAle,t)—p(x) Az, t>)’

— 00

(- ) AG ) + oot )) D) (52)

0
{p(z))o = (en(z))o =e(TT ()T (z))o - (5b)

Here the expression (5a) is written up to linear terms on the components of electro-
magnetic field A(z,t), ¢(z,t) ;{{, ))o is the retarded Green function from corre-
sponding operators’ and index “0” points out on the thermodynamical equilibrium
state.
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The first term in Eq. (5a) is traditionally considered to be equal zero; the third
have also studied (see e.g. Ref. 7). In this paper we shall investigate in detail the
second term in (5a) given by (5b) and show that consistent taking into account
the electron—electron (e-e) and electron—phonon (e-ph) interaction without any
additional postulates (such for example as postulates in BCS theory about pairing
of two electrons with opposite moments and spins) gives rise to coupled states in
electron system and as sequence to superconductivity. Moreover from our aproach
it follows that BCS postulates are approximate and they correspond to very simple
limit case.

According to commutation relations (2) the value {n{x))¢ can be expressed by
Fourier components of Green function in the following manner

(n(z))g = (T (2)¥(2))g = lim  {6(z—2') — i(=iT¥(z,t) T (', t")) }

x! =z, —t—0
21
_ k

> _Gk,w). (6)
k,w

Here (—iT¥(z,t)¥*(2',t')) is the Green function and G(k,w) is its Fourier com-
ponents. Our aim is to obtain this Fourier components with taking into account
of e—e and e—ph interactions in crystals. So we find all spectral features mentioned
system properties of which are determined by the following Hamiltonian.

2.2. Hamiltonian of crystal

The Hamiltonian describing the system of interacting electrons and phonons of
crystal is written in the following form (further details will be shown elsewhere)

1
E v, +v § +u1 +V2 a’? V1
H= Ekakaaka N Va’klal koo k2+q azakl —q,01
k,ov q,k1,01,v1,ke,02,v2
s +v s +sps
E Xq@h.00k—g,0Q@q + E Qqshy *hy (7)
kau,qs q,8

where V, = V', X7° = X7 are the Fourier components of Coulomb interaction of
electron and their coupling constant with the lattice phonons respectively. We can
see that both contants are independent on spin index of electron.

Lets us introduce a new operators for electron and phonon systems by rules

S _ _
ay = e’ Ag e s by = esﬁs,qe s (8)

where S is the anti-Hermitian operator (ST = —§).
In our following unitary transformation it will be more convenient to rewrite the
term H. ;) in the next form

Hepn= Y Xihaf'af_,Q%,  (X¥% =Xibuu), ©)

k.,q,s,v,p
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where we united two indexes and so v = (v,0), 4 = (u,0") are the complex indices
which characterize the number of crystal electron zone and the spin of electron.
The operator S we take as follows

v v 1 *V,
\/“ Z Ak—qyﬂaq#’ Uq# = Z Qs.q s’_’; I = Xs q/Bs,q) (10)

k,q,v

In accordance to general rules of operator transformations (see e.g. Ref. 8 Appendix
5) the new reconstructed full Hamiltonian of e-ph system can be read as follows

H v 1 IX;lz + 1
:kz: Ep — NZ qu Ak’VAk,u“" EV_ Z
14 8,9 !

q,k,v,k'v!

Xq
S o A P

+ z Q,,48% 8,4 + (higher-order term). (11)

It is seen that fulfilled unitary transformation give rise to two principal effects:
renormalization of electron energy (first term) and renormalization of Coulomb
electron—electron interaction. In the later case if crystal contain many atoms in the
unit cell effective Coulomb potential can became negative and significant in value.

2.3. Two-particle green function

The equation for Green function (6) with new operators is as follows:

i%<—iTAk,u(t)A,t,(t')) =6(t—t)+ < —iT (ia%Ak,,(t)) A;V(t')>, (12)

where
OAL
z—# = Ay, H] = Ak + Z VoAl L AkrgnAk—gw
qykz,uz
=k Ary — Z V. 2 Ak+q,0 Ak, — q,uzAzz,uz ) (13)
q?k27V2
w1 X 1 ¢
5k=5k—1—v'zﬂzqa —%"‘Z Vo=o — NZV
e ! (14)

The last line in Eq. (13) was obtained by using the commutation rules (3) for Fermi
operators Ag;.
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Therefore the equation for Green function (12) is transformed after inserting in
it (13) to the following

0
z‘a(ﬁTAk,,,(t)Atu(t’)) =6(t—-t)+ ék,u(—iTAk,,,(t)A;jy(t'))
1 (7 ; + + (4
-5 Z Vo =~iT Ary g, () Aky—g, (D AF, L, (E = 0)AL (). (15)
q,k2,k2

To calculate the density of electron states we have to consider the case of striving
for ' — ¢ — 0 in accordance with (6). For this situation the last (four operator)
Green function in the Eq. (15) can be written as follows

G2 (k271/2;k7y t_t/)

k+q,vikes —q,ve
= (=T Aptqu(t) Ary—g, (DAL, (AT (1)) (' —-t-0). (16)

ka2,v2

Our aim is now to find the function (16) and using the relation between Fourier com-
ponents of this function and one-particle electron function following from Eq. (15)
to calculate the density of the electron states.

In this paper we will study only the spectral properties of two-particle Green
function (16). Following to the approach used for phonon system® which is based
on the method of Bogolubov—Tyablikov®1? (the details of calculation will be given
in special communications) we have derived the equation for two-particle electron
Green function. The spectral features of electron system in the mentioned region of
energy are described by Fourier component of this function and for the simplest case
of one-electron zone crossing the Fermi energy level can be given by the following
expression

f(klv kg,(JJ)Z(P(O’, U,)

®(ky, k,w) = Ll
1- VZ(]- — Nkytq — nkz—q)/w — Eki+q — €ka—g
q

¥

(17)

SYq

. 2
V=Vq=VLI—2ZIXQS+quconst.

ny, is the filling number of electrons; V is the effective Fourier component of electron-
electron (e—e) interaction. If the constant of e—e interaction renormalized by e-ph
interaction becomes negative (V < 0) the arising of coupled states in the electron
system is possible.

It is seen from Eq. (17) that for &1 = k; = 0 or k; = —k; the denominator
is reduced to well known expression describing the SC gap of crystal, but for
other arbitrary meanings of momenta k; and ks the situation becomes significantly
different.
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Besides the numerator of Eq. (17) gives rise to new possibilities. Here f(k1, k2, w)
is the some function depending on the frequency (w) and momenta k; and ko of pair
of electron; the second function (o, ¢’) (which is written for one band crossing the
Fermi level) is expressed by number of delta-functions 8, ¢

@(U, UI) = b560076' — 600”600’ y (18)

where o, 0’ are spines of first (o) and second (¢') electrons respectively. We can see
that two cases are possible:

(a) if spins of electrons are parallel to each other (o = o’) then p(a,0') = 0;

(b) if spins of pair of electrons are antiparallel to each other (¢ # ¢') the second
term in the right hand of (18) (which is proportional to é, ,+ disappear and therefore
@(a,0') # 0). It means that only states with the oppositely directed spins, namely
singlet states (¢ + ¢’ = 0) in this simplest case, can contribute into coupled states
of electron system. For more complex structure of crystal zones in particular for
layer Bi-based type of crystal for example the function ¢(o,¢’) in (17) will be more
complicated. This situation will be studied elsewhere.

2.4. Coupled states and gap

The energy position of coupled states are given by the denominator of (17).

Let us study the situation near the extremum (minimum or maximum) of the
electron zone. Namely we will suppose k; = k2 = ko +k and &g, , = £, corresponds
to extremum of zone. Then expanding the energy by momentum k % g in series up
to terms of second order and supposing that energy extremum is located near the
region of Fermi level energy we can obtain

2 2
(ij:nq) et D+ (k;ntn o
(2 2
where m,, is the effective mass of electron in the uth energy zone of crystal; A,
is a parameter which points out the position of the y-zone extremum relative to
Fermi level. It may be negative and positive and the effective mass the same. This
dispersion law for example describes two type of electron zones crossing the Fermi
level in the Bi-based crystals.!! Taking in mind such type of crystal as an example
and using the Eq. (19) we will study the conditions of arising the coupled states for
the several cases and compare the analytical results with the numerical calculations.

Here we may analyze it in the traditional manner but taking into account also
the influence of states with the k # 0. The sum in the denominator (17) is reduced
to the following expression (we consider only one zone)

1—nk+ — Np—
K k,kl, g g
( .NZ W= Ekyq — €k—gq

= 2N )/A de —N(s)(-—ln
TANEH o2 + D) —2E—2¢

Ehtqpu = Eu+ n=12), (19)

=2l
a

(20)
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where such assignment were used: ¢ = ¢?/2m; E = k?/2m; a = w—2(ss + A1) —2E;

mi = ma/m and m are the reduced effective mass of electron in the crystal energy
zone and mass of free electron respectively.

N(es) = Varmi y/mie(l = nisq = mi—g)]. -

-1
ng = [exp (——ek;€f>+1] .

The equation for coupled states in the electron system has the following form

(21)

-2
a

l—VN(sf)[—ln

] =0. (22)

We can see from Eq. (20) that influence of momenta (k # 0, i.e. E) and pa-
rameter A; is identical (but the later may be positive and negative) therefore their
influence can be simply analyzed by graphically using the Eq. (22). We will consider
two cases presented in Fig. 1.

(a) The case k = 0 (E = 0) is pictured by crossing of curves 1,1’ (they correspond
to the function —N(es)In|1l — A/a|) with the horizontal line 4 (it corresponds to
value 1/V, V < 0). The graphical solution gives points A and A'.

(b) The cases k = k1 # 0 and k = kg # 0 correspond to the crossing of curves 2, 2/
and 3, 3’ with the horizontal line 4 in points B, B’ and C, C’ accordingly.

——

—N(SF) In I1 - %I

Fig. 1. The graphical solution of Eq. (22): curves 1,1'-3,3' describe the function (—N(es)In|1 —
A/al); curve 4 describes the constant (—1/|V|); points A,B correspond to the coupled states of
electron system.

We can see in Fig. 1 that only points A and B are located below 2¢r energy
level. Namely these points corresponds to coupled states. For other states which
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correspond to the points A’, B, C and C’ in Fig. 1 coupling is impossible. Therefore
we may conclude that there are group states with nonzero momenta (k # 0) which
are important due to their significant influence on the SC state of electron system.

The analytical expression for energy position of coupled states (W' = w—2z¢ < 0)
taking into account the condition k $# 0 is given by

;L _ 1
W =w 25f—2(E+A1)q:2A/[exp (—_|V|N(€f)> :Fl] . (23)
It is clearly seen (in agreement with the above draphical analysis) that only for
some region of impulses k¥ < kpax (here Epae = k2,./2m) the right hand part
of (23) can be negative, i.e. the coupled states can emerge. This region may be
essential and this depends on the value of |V| effective constant of e—e interaction
(and also on parameter Aq). The higher these values the greater number of states

with the k # 0 give the contribution to the coupled states of electron system.

2.5. Numerical calculations

The analytical analysis indeed not taking into consideration many features which are
contained in the denominator of Eq. (17) because of the influence of momenta and
temperature by the electron filling number were excluded. It should be noted that
for some type of crystals (Bi-based for example Ref. 11) the minimum of electron
zone can be located much lower (0.7—0.8 eV for BaySraCaCuy03) of the Fermi level
energy. Therefore it is interesting to consider namely such situation because this
crystal has a high T, temperature.

I —-——
.. -1
o —= ? :

3 ]
le \/

- 4\ s’
‘5_1 5 li" -7 3 s
o o~

| 3/
-—30!‘ I >

Fig. 2. The calculations of the first sum in Eq. (20) and dependences of coupled states on tem-
perature and momentum: {a) Ay = —1, E = 0 curve 1, T = 2K curve 2, T = 10 K; curve
3, T = 50K; curve 4, T = 100 K; curve 6, A; = +0.1, E = 0 (the curves for all temperatures
considered are coincide); curve 7, corresponds to analytical consideration (see text). (b) Ay = —1,
T =2K: curve 1, E = 0; curve 2, E = 0.001; curve 3, E = 0.05.

The numerical calculations including these factors give rise to the following
results.

The influence of parameter A; (when k = 0) it is seen in Fig. 2a (for calcu-
lations we use parameters A; = (A;/M) =1, 40.1; M =1 eV; m] = 1) where
some curves describing the first sum of the Eq. (20) with taking into account (19)
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at different temperatures are presented. It is seen in Fig. 2a that increasing of
the temperature (in region 1-100 K) gives rise to significant decreasing of depth of
minima. The crossing these curves with the horizontal lines 5 (V = V/M = —-0.05)
and 5 (V = —0.06) corresponds to meanings of energy at which denominator
of Eq. (17) is zero. It follows from calculations that for temperature ' > 60 K
(for given values parameters of crystal) the crossing is absent and coupled states
(responsible for SC) are impossible. At very weak coupling constant (V' < 0.04)
the coupled states disappear at T > 10 K. For stronger values (V = —0.05-0.07)
the critical temperature T, increases to 60-100 K.

The curves 1-4 in Fig. 2a are obtained at A; = —1. If this value comes to zero
and then becomes positive the depth of minimum studied curves becomes much
smaller and coupled states disappear even at low temperature. That illustrates
curve 6 in Fig. 2a. Therefore we can conclude that location of the electron energy
zone minimum relatively to Fermi level is very important and coupled states as rule
cannot arise if parameter A; > 0.

The curves in Fig. 2b demonstrate the influence of momentum k (or E) on the
arised coupled states. It is seen in Fig. 2b that curves 1-3 are different in form
and its maxima are shifted to high frequency region. The depth of minimum is
decreasing for great momentum k. The results of numerical calculations show that
there is some region of momenta k < kpmax which gives the contribution into coupled
states. In particular that very important for complex structure of crystal having
some electron zones crossing the Fermi level energy (these aspects will be analyzed
elsewhere).

If we exclude the temperature factor (the numerator in Eq. (20) is believed con-
stant) the curve 1 in Fig. 2a is transformed into curve 7 in Fig. 2a which are in cor-
respondence with the results of Fig. 1 and the traditional analytical calculations.!”3
Therefore we can conclude that only taking into account all factors (temperature,
momenta, effective mass etc.) give rise to correct results in calculation of SC tem-
perature (T,) in crystal. As a result the energy of the coupled states (SC gap) is not
described by the exponential dependence similar to Eq. (23). It should be noted
also that calculated SC gap is dependent on momentum k according to Eqgs. (17)
and (20) must be averaged on all momenta of electrons as it made in our approach.
It is obvious therefore that mentioned above factors can result in to complicated
dependence of SC state of crystal on temperature not described in the framewok of
BCS theory.

More detailed analysis of other features for complex crystals, in particular, states
with the nonzero spins (s + s’ # 0) will be discussed elsewhere.

3. Conclusion

The new theoretical approach is proposed for the description the coupled states in
the many electron system. It is shown that postulates on electron pairing which are
used in BCS model are only approximate. New more rigorous rules are derived. It is
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shown that influence of electron pairs full momentum of which is nonzero (k+k’ # 0)
may be significant in the superconductivity (and also HTSC) of electron system.
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